The three new deformed Poincare Hopf algebras are constructed with use of twist procedure. The corresponding relativistic space-times providing the sum of canonical and Lie-algebraic type of noncommutativity are proposed. Finally, the nonrelativistic contraction limits to the corresponding Galilei Hopf algebras are performed.
Introduction
Due to several theoretical arguments (see e.g. [1]- [4] ) the interest in studying of space-time noncommutativity is growing rapidly. In accordance with the Hopf-algebraic classification of all deformations of relativistic and nonrelativistic symmetries (see [5] , [6] ) the most general form of space-time noncommutativity looks as follows
where θ µν (x) = θ
µν + θ
(1) ρ µν x ρ + θ (2) ρτ µν
For the simplest, canonical noncommutativity (θ µν (x) = θ (0) µν ), the corresponding Poincare Hopf algebra has been provided in [7] and [8] with the use of twist procedure [9] - [11] , while its nonrelativistic counterparts have been discovered by various contraction schemes in [12] .
The Lie-algebraic (θ µν (x) = θ
(1) ρ µν x ρ ) relativistic and nonrelativistic symmetries have been proposed in [13] and [14] respectively. In the literature they are known as κ-Poincare and κ-Galilei Hopf algebra, which in relativistic case correspond to the following κ-Minkowski space-times
with mass-like deformation parameter κ. Besides, there were proposed the twist deformations of a Lie-type at relativistic and nonrelativistic level in [15] , [16] and [12] . The quadratic deformation (θ µν (x) = θ (2) ρτ µν
x ρ x τ ) has been studied in [17] and [15] . Unfortunately, in almost all theoretical considerations the mentioned above quantum space-times are considered separately. Recently, however, there was proposed in [18] (see also [19] ) the relativistic Hopf structure corresponding to the so-called generalized spacetime, with coefficients θ (0) µν and θ (1) ρ µν different than zero simultaneously. Particulary, it has been shown that by canonical twist deformation of κ-Poincare Hopf algebra, we get (θ µν , κ)-deformed symmetries associated with the following quantum space
In this article we propose three new Poincare Hopf universal enveloping algebras U θ kl ,κ (P), U θ 0i ,κ (P) and U θ 0i ,κ (P) corresponding to the following generalized space-times (a, b = 1, 2, 3)
and
respectively. All three examples (5)- (7) are obtained by the twisting of classical algebra with use of the factors defined as suitable superposition of twist factors for canonical and Lie-algebraic deformation of relativistic symmetry. In other words, used in this article algorithm follows the procedure [9] - [11] used in [18] , [19] , but this time, besides twisting the κ-Poincare algebra, we supplement with second twist factor the twisted Poincare Hopf algebras [8] , [15] . Further, in the second step of our investigation, we also perform three nonrelativistic contractions ( [22] , [23] ; see also [12] ) of our generalized Poincare Hopf structures. In such a way we get the corresponding Galilei Hopf universal enveloping algebras U ξ kl ,λ (G), U ξ 0i ,λ (G) and U ξ 0i ,λ (G) respectively. It should be noted that there are several motivations for present studies. First of all, such investigations are interesting because they provide six new explicit Hopf algebras. Besides, it should be noted, that the presented algebras permit to construct the corresponding phase-spaces (see e.g. [24] , [25] ) in the framework of so-called Heisenberg double procedure [11] . Consequently, it permits us to discuss of Heisenberg uncertainty principle associated with such generalized quantum space-times. Finally, one can consider corresponding classical and quantum relativistic and the nonrelativistic particle models. Such a construction has been already presented in the case of classical nonrelativistic particle moving in external constant force [26] , [27] , and the studies of deformations (5)-(7) in a context of dynamical considerations are postponed for further investigations.
The paper is organized as follows. In second Section we recall necessary facts concerning twist-deformed Poincare Hopf algebras [8] , [15] . In Section 3 we present three new Poincare Hopf structures; the corresponding generalized space-times and the proper nonrelativistic contractions to Galilei algebras are presented in Sections 4 and 5 respectively. The results are summarized and discussed in the last Section.
Twisted Poincare Hopf algebras
Let us recall five canonically and Lie-algebraically twisted Poincare Hopf algebras U · (P) proposed in [8] and [15] respectively. All of them are described by classical (undeformed) algebraic sector (η µν = (−, +, +, +))
and twisted coalgebraic part
with ∆ 0 (a) = a ⊗ 1 + 1 ⊗ a, S 0 (a) = −a and
). Present in the above formula twist element F · ∈ U · (P) ⊗ U · (P) satisfies the classical cocycle condition [10] , [11] 
and the normalization condition
with F ·12 = F · ⊗ 1 and F ·23 = 1 ⊗ F · 2 . In the case of first, canonically deformed algebra U θ kl (P), the twist element looks as follows (θ kl = −θ lk )
and, in accordance with (9), the corresponding coproduct sector takes the form
The antipodes and counits remain undeformed
For the second considered algebra U θ 0i (P) we have the following twist element
and the corresponding coproduct sector is given by
The antipodes and counits become classical.
In the case of Lie-algebraically deformed Hopf algebra U κ (P) the twist factor and coproducts look as follows
2 All carriers of considered twist factors are Abelian.
where
The antipodes and coproducts remain undeformed.
In the case of two remaining Lie-algebraic Hopf structures the twist factors are given by
while the corresponding coproducts take the form
respectively, with
The antipodes and counit remain classical. It should be noted, that all above algebras can be derived from relativistic classical r-matrices r · ∈ U · (P) ⊗ U · (P), which are given by
and rκ = 1 2κ
The matrices (30)-(34) satisfy the classical Yang-Baxter equation (CYBE)
where the symbol [[ ·, · ]] denotes the Schouten bracket and
Obviously, for parameters θ kl , θ 0i running to zero and parameters κ,κ,κ approaching infinity all above algebras become classical.
Generalized twisted Poincare Hopf algebras
In this Section we introduced the generalized twisted algebras described by proper sums of matrices (30)-(34).
Let us start with the following classical r-matrix
defined as the sum of r-matrices (30) and (32) with indices k, l different than i 3 . One can check that it satisfies the CYBE equation (35).
We find the corresponding deformed coproduct sector in two steps. Firstly, we twist classical Poincare algebra U 0 (P) with use of the factor (12) or (19) . In such a way we get the Hopf algebra U θ kl (P) or U κ (P) described in pervious Section. Next, following [18] and [19] , we twist the coalgebraic sector of U θ kl (P) or U κ (P) with the use of twist factor 4 satisfying θ kl -or κ-deformed cocycle condition (see formulas (13) , (14) or (20), (21))
and normalization condition
One can check that the solutionsF κ/θ kl of the equations (37), (38) are the same as for classical coproduct ∆ 0 (a), i.e. they are given by the formulas (19) or (12) respectively 5 . In such a way we get the following coalgebraic sector
3 The carrier of matrix (36) is Abelian. 4 The considered (second) factor corresponds to the matrix (32) or (30) respectively. 5 Consequently, in accordance with the Abelian character of matrix (36), the total twist factor takes the form
which together with algebraic relations (8) and antipodes/counits (15) defines the generalized Poincare Hopf algebra U θ kl ,κ (P). It should be noted that for parameter θ kl approaching zero we get U κ (P) algebra, while for κ running to infinity we obtain U θ kl (P) Poincare Hopf structure provided in pervious Section.
ii) relativistic (θ 0i ,κ)-deformation
Let us now turn to the second (generalized) classical r-matrix
where index i is different than k, l, 0 6 . We see, that the above r-matrix is defined as a sum of r-matrices for Uκ(P) and U θ 0i (P) algebras. Obviously, it satisfies CYBE equation (35).
In order to find the corresponding Hopf algebra we use the same prescription as in the case of constructed above Hopf structure U θ kl ,κ (P). It should be noted however, that this time, in the second step of used algorithm we twist the algebras Uκ(P) or U θ 0i (P) respectively. One can check that as before, the corresponding twist factors are the same as (16) or (23), and they solve the modified cocycle condition with respect to coproducts (25), (26) or (17), (18) 7 . Consequently, we get
+ (cos( 1 2κ
The carrier of matrix (41) remains Abelian. 7 Hence, the total twist factor can be written as F θ0i,κ = exp i(
The above relations together with algebraic sector (8) and antipodes/counits (15) define the generalized Poincare Hopf algebra U θ 0i ,κ (P). Of course, for parameter θ 0i running to zero we obtain Hopf structure Uκ(P), while for parameterκ approaching infinity we get U θ 0i (P) algebra described in Section 2.
iii) relativistic (θ 0i ,κ)-deformation
Let us now consider the last generalized r-matrix
defined as a sum of r-matrices for Uκ(P) and U θ 0i (P) Hopf algebras with index i different than k, l and 0. It satisfies the classical Yang-Baxter equation (35). We get the corresponding Hopf algebra by twist procedure of the coproducts (17), (18) or (27) , (28) , where the proper twist factors are exactly the same as (24) or (16), and satisfy the following modified cocycle condition
respectively 8 . Then, we have
The above relations together with classical algebraic sector (8) and undeformed antipodes/counits (15) define generalized Poincare Hopf algebra U θ 0i ,κ (P). Obviously, for κ → ∞ we get U θ 0i (P) Poincare Hopf algebra, while for θ 0i → 0 we obtain Uκ(P) Hopf structure described in second Section.
Generalized twisted relativistic space-times
In this Section we introduce the generalized relativistic space-times corresponding to the Poincare Hopf algebras provided in pervious Section. They are defined as quantum representation spaces (Hopf modules) for quantum Poincare algebras, with action of the deformed symmetry generators satisfying suitably deformed Leibnitz rules [20] , [21] , [8] .
The action of Poincare algebra on a Hopf module of functions depending on space-time coordinates x µ is given by
while the ⋆ . -multiplication of arbitrary two functions is defined as follows
In the above formula F · denotes twist factor corresponding to a proper Poincare group and ω • (a ⊗ b) = a · b.
i) the deformation (5)
Let us start with U θ kl ,κ (P) Hopf algebra described by matrix (36). In such a case, in accordance with considerations of pervious Section, the star multiplication of two arbitrary functions f (x) and g(x) is given by
where the multiplication operator F θ kl ,κ is defined by the superposition of two twist factors (12) and (19)
Hence, due to the formulas (48), (49) we have
Of course, for parameter θ kl approaching zero or parameter κ running to infinity, we get the relativistic space-times associated with Hopf algebras U κ (P) or U θ kl (P) respectively (see [8] , [15] ).
ii) the deformation (6) In the case of U θ 0i ,κ (P) Hopf algebra the corresponding multiplication looks as follows
with operator F θ 0i ,κ given by
Consequently, we get
The above relations define the relativistic space-time corresponding to the algebra U θ 0i ,κ (P). Obviously, forκ → ∞ or θ 0i → 0 we obtain the space-time associated with U θ 0i (P) or Uκ(P) Hopf algebra provided in [8] and [15] respectively.
iii) the deformation (7) For the last Hopf algebra U θ 0i ,κ (P) we have
what gives the following relativistic space-time
Of course, for parameterκ approaching infinity or parameter θ 0i running to zero, we get the relativistic space-time corresponding to U θ 0i (P) or Uκ(P) Poincare Hopf algebras respectively.
Generalized twisted Galilei Hopf algebras
In this Section we calculate the nonrelativistic contractions of Hopf structures derived in Section 3, i.e. we find their nonrelativistic counterparts -the generalized twist deformations of Galilei Hopf algebra. First of all, let us introduce the following redefinition of Poincare generators [22] 
where parameter c denotes the light velocity. Besides, we also introduce five parameters λ,λ, λ, ξ kl (ξ lk ) and ξ 0i (ξ i0 ) such that
Further, one performs the contraction limit of algebraic part (8) and coproducts ((39),(40)), ((42),(43)) and ((46),(47)) in two steps. Firstly, we rewrite the formulas (8) and ((39),(40)), ((42),(43)), ((46),(47)) in term of the operators (55) and parameters (56). Secondly, we take the c → ∞ limit, and in such a way, we get the following algebraic
and coalgebraic sectors
The relations (57) together with coproducts i), ii) and iii) define the generalized twisted Galilei Hopf algebras U ξ kl ,λ (G), U ξ 0i ,λ (G) and U ξ 0i ,λ (G) corresponding to the Poincare Hopf algebras U θ kl ,κ (P), U θ 0i ,κ (P) and U θ 0i ,κ (P) respectively. It should be noted that for parameters ξ kl , ξ 0i running to zero and (or) parameters λ,λ,λ approaching infinity, the above algebras become classical (or one gets twisted Galilei Hopf structures proposed in [12] ).
Final remarks
In this article we provide three new generalized Poincare Hopf algebras and corresponding relativistic space-times. All three space-times combine two kinds of quantum deformations
